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Jordan KdV Systems and Painlevé Property

Ayse (Kalkanh) Karasu®
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The Painlevé property of Jordan KdV systems in two dimensions is studied. It
is shown that a subclass of these equations on a nonassociative algebra possesses
the Painlevé property.

1. INTRODUCTION

Svinolupov (1991) introduced many-field Korteweg—de Vries (KdV)
equations

ul = ul, + aulut, i=1,...,N 1.1
where ' depend on variables x and ¢, and df, is a set of constants symmetric
with respect to the subscripts. He showed that there is a one-to-one correspon-
dence between such equations and Jordan algebras. Specifically, Jordan KdV
systems have an infinite algebra of generalized symmetries, an infinite series
of local conservation laws, and a recursion operator. The systems correspond-
ing to simple Jordan algebras are called irreducible. In two dimensions all
the systems related to two-dimensional Jordan algebras contain a scalar KdV
equation and a linear equation which are not really coupled (Svinolupov,
1991, 1994).

In this work we consider the system (1.1) for N = 2. We apply the
Painlevé test for partial differential equations introduced by Weiss et al.
(1983) to the system of coupled KdV equations without a priori assumptions
about the algebraic nature of the system. We find the sets of constants aj
for which the system (1.1) possesses the Painlevé property. A subclass of
these equations on a nonassociative algebra has the Painlevé property. By
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using the truncated expansions of the solutions we also obtain the auto-
Bicklund transformations for these equations.

2. SYMMETRY APPROACH

The recursion operator for the scalar Korteweg—de Vries equation (N
= 1) is given in Olver (1993) as

L=D"+2u+uD"! @.1)

where D = d/dx. An analogous operator also exists for Jordan systems. In
Svinolupov (1991) it is stated as a theorem that any Jordan system (1.1) is
integrable and possesses a formal recursion operator:

L =D+ %a(u’ + LuiD'a(i)
+ $u/'D™'uD ™ aja(n) — a(k)a(j)] 2.2

where the matrices a(j) are determined by the formula (a(j)); = @i and the
constants @} are the structure constants of a Jordan algebra satisfying the
identities

A e s — Apnr Q) + Ay — @)
+ a;j(ailral’;s - afcra;s) = 0 (23)
We consider a system of two nonlinear equations of the form

U = Uy, + crum, + cx(uv, + vu,) + c3vv,

V, = Vo + diuu, + dy(uv, + vu,) + dywv, 24
where
¢ = aly, d, = a4, u=ul
¢ = ay = al,, d =al, = ak, v=1ul (2.5)
¢ = ak, dy = a3,

The recursion operator (2.2) for this problem can be expressed as a 2 X 2
matrix whose components are

Dy = D* + 3w + ) + 2w, D7'e; + v,D7'cy)

- %(uD“)(vD"‘)F. - %(VD_I)ZFZ (2.6)
(D = 3(cou + cv) + 3w,D7'c, + v, D7)

+ LD 'YF, + $(vD~"YuD YF, Q.7
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(L)2l = %(dlu + dzv) + ';"(uxD_ldl + VxD—ldz)

— D YD~ HF; + L(vD™')?F, 2.8)
(L)22 = D2 + %(dzu + d3V) + %(uxD_ldz + vxD—ldg,)
+ LuD™YF; — LD YuD HF, 2.9)

where
Fy = c3d, — cyds, Fy =c} — cic3 + c3dy — ¢ods (2.10)
Fy=dds — d} + cid, — cd,

and the structure constants c; and d; satisfy the following identities:

(c1 — 2dy))F, = 0, (c1 — 2d))F, = 0, (1 — 2d))F; =0
(d; — 2c)F; =0, (d; — 2c))F, = 0, (d; — 2c)F; =0 (2.11)

dF, =0, dF, =0, dF;=0

cF, =0, c3F, =0, c3F;=0

If F,, F,, F; vanish, the recursion operator reduces to a form similar to
(2.1). This case corresponds to an associative algebra in which the system
(2.4) decouples.

3. PAINLEVE ANALYSIS

A partial differential equation has the Painlevé property when its solu-
tions are single-valued about the movable singularity manifold. If the singular-
ity manifold is determined by

OO0, X, ..., x) =0 (3.1)

and u® (@ = 1, ..., N) satisfy a system of partial differential equations (N-
equations), then the Painlevé expansion is given by

-]

w =% Y w1, L, xe (3.2)
k=0
where uf are analytic functions of (x%, x!, ..., x) in a neighborhood of the

manifold (3.1). The substitution of (3.2) into the partial differential equations
under consideration determines the possible values of a, and gives the
recursion relations for uf. A set of partial differential equations is said to
have the Painlevé property in the sense of Weiss et al. provided o, are
integers, the recursion relation are consistent, and the series expansion (3.2)
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contains the correct number of arbitrary functions. Applying the Painlevé
analysis to equations (2.4), we obtain the following:

(i) Leading order analysis. Substituting = = uyd®! and v = v3¢*? into

the leading terms of (2.4), we have a; = a, = —2 and the equations for i,
and Vo,
o + 2coupvy + v + 12upd2 = 0 3.3)
dlu% + 2d2u0v0 + d3V(2) + 12V0(b§ =0 (34)

(ii) Resonances. Substituting
U= uh B v = ved o+ B (3.5)

into the leading terms of equations (2.4) and requiring that B! and B? be
arbitrary, we have

[o3r — D%(r — 3)* + Hr — D(r — Dlug(dz + c1) + vo(ds + )]
+ [(uoc) + voc)(updy + vods) — (uocy + voc3)(upd, + voda)1}
X(r—42=0 (3.6)

The roots of this equation determine the resonances. r = 4 is a double root
which satisfies the equation identically. We must always have the root r =
—1, since it represents the arbitrariness of the singularity manifold ¢(x, 1)
= Q. This is possible if

1442 + 123 uge; + vo(ds + 2¢,)]
+ volug(dsc, — dics) + 2vg(dsc; — dyc3)] = 0 3.7

If this equation is satisfied, we have another root, r = 6. Using equations
(3.3), (3.4), and (3.7), we find that equation (3.6) becomes

124);‘(7‘2 - 5" -+ 6) + 12(‘)%(“0(12 t VOC2)

+ volugldics — dscy) + 2vg(daey — dsc))] = 0 (3.8
The roots of this equation are
1562 — 1562 +
n= 2 s r = 2 (39)
6; 65

r; and r, must be integers, say n; and n,; then we have the following values
of resonances:

r= —1, 4, 4, 6, ny, Ny where ny + ny, = 5 (3.10)

Now let us examine the different cases for n,, n,.
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Case 1. Let n; = 0, n, = 5; then from equation (3.8) we have

725 + 12¢2updy, — vocz) + voluo(dics — dser) + 2vy(dacs  (3.11)
—dic))] =0

Equations (3.3), (3.4), (3.7), and (3.11) must be solved for u, and v,. Since
one of the roots is zero, the function uy or vy must be arbitrary. If i, is
arbitrary, the equations under consideration imply v, = ad? + B, where a
and B are constants. Requiring that the equations for u, and v, be satisfied,
we have the following solution:

o= _12/d3, B = —u0d2/02
dl =0, d2 = c1/2, d3 = 202, C3 = 0

uo is arbitrary, Vo = % (—12¢2 — ugcy) (3.12)
2

(iiia) Arbitrary functions. To discuss the arbitrariness of the functions
corresponding to resonance values —1, 0, 4, 4, 5, 6, we have to substitute

6 6

=St v= Y e

i=0 j=0

into equations (2.4) and obtain the recursion relations for u; and v;. Solving
these relations, we have

j=0 up = arbitrary; vo = — (122 + cug)2c; (3.13)
i=1 v = [u(120% — uger) + dbuto,c112dbic,
up = (brty — buto )/ b3 (3.14)

J=2 v = [8eabd—6dF + upcy) + GL(36dF — 21uec))

+ 18budatto ) + 602Q2d,d, — Uguc)) + dubuoci124bic,

Uy = [=8brudity + Gu(21dpuy — 18,up,)

+ Gu(6uon — bug)l/ 1242 (3.15)
J=3  vi=[Boubi—4d: + upcr) + 3bpndi(dd; — ugcy)

+ 4 pabud(— 1207 + Tuger) — 10d.udbiunc

+ du(36d%b7 — 39bLuc) + 33dbb,unc

+ 1203, — 12b2upnc; — debitoc:)

+ GIQbuoec1 — 2bpic + bgc))24d3c,
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Uy = [—3¢xt¢J2ru0 + 3¢mx¢§u0 + ¢m¢x(_28¢xxu0 + 10¢xu0x)
+ ¢xx(39¢£xu0 - 33¢xx¢xu0x + 12¢3u0xx + ¢x¢tu0)
+ G~ 2ulore + 2bsut, — bitag))/12¢8 (3.16)

j=4 the compatibility conditions are satisfied identically,
which means u4 and v, are arbitrary functions
j=5 vs = arbitrary
us = [—vsd (1242 + ugc1d; + 4vocs) — va (122 + ugey + 4vocy)
— va(12dd, + uic1d; + 4vicad, + ugic) + 4vgicy)
— voCiltay — ug(dViC1 + voeC)) — 63
= V36b t ui1C) + 4V16) — V32 + 20,00
+ daac) — 2 + uey + i) — Ui
= u3(dbyvacy + Vi)
= 2 — Vo UaCy + 4vacy) + 2vy — ooy, Y b,voc 3.17)

j=6  ug= arbitrary,

Ve = [—2dvocitts — vsoc1 + 4voc, + 3607)
= v5(36dub; + 2duic) + 8dvicr + uger + 4vo,cr)
= usvoCy — uUsQdvicr + voer) — 12,04y
— v (12, + uicy + 4vicy)
= V4(4drr + 2duc) + 8,150, — 4, + w0 + dvii0r)
— UgeiC) — UVt 20,05€1) — 2V3py
— v3upcy + 4vac) + 2vs, — Uz Va0 — U V3Cy
= Vo (uzcy + 4vscy) — 20,v3(uscy

2V3C2)]/[2¢x(24d)§ + UpCy + 4VOC2)] (318)

+

Since &, ug, Uy, v4, Vs, Ug are arbitrary functions corresponding to the reso-
nances (—1, 0, 4, 4, 5, 6), the system of equations (2.4) with ¢; = d; = 0,
d; = 2c¢5, d; = cy/2 passes the Painlevé test. It is easy to check that the
Jordan algebra is nonassociative with these values of ¢; and d;. In Weiss
(1983, 1986) it was shown that the Bécklund transformations can be obtained
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by truncating the expansions (3.2) at constant level terms, that is, u; = 0 if
J = 3,v;=0if j = 3. This is possible if

Uy = Upx T Critally, + oV, + Voty,)
Vor = Ve + (u2v2x + walyy) + 2cv5v5, 3.19)

Equations (3.13)-(3.15) and (3.19) will be consistent if

b, = by — 3 % + A, A = const (3.20)
2 ¢,
which can be formulated in terms of the Schwarzian derivative
%— {d; x} = A 3.21)

and the function up must be a solution of the linear equation
23ug — 23uUop + 12ddiupy
— &(18¢% + 107 — 9. Juq,

+ 2¢,,(3d% + 8\d?2 — I, dJuy = 0 (3.22)
Then,
o= :, (ii) 3
y = (ln ) + 20‘ " [(;‘)") %] (3.23)

will define the Bicklund transformations for the Jordan KdV system, which
generate nontrivial solutions from trivial ones. Note that a particular solution
of (3.22) is uy = Cd2, where C is a constant.

Case 2. If n; = 1, n, = 4, the test fails, since the number of arbitrary
functions is less than the number of resonances (—1, 4, 4, 6, 1, 4).

Case 3. Let ny = 2, n, = 3; then from equation (3.8) we have
12d%(ued, — vocy) + voluo(dics — dscy) + 2voldacs — dscy)] = 0 (3.24)
To solve equations (3.3), (3.4), (3.7), and (3.24) for uy and vy, let

vo = ad? + B and  uy = 52 + vy
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where o, B, ¥, 8 are constants. Substituting these into equations (3.3), (3.4),
(3.7), and (3.24), we have

B=0, ~y=0 5#0

d, = -—% 2da + dya? + 12a)
1 2
d, = Y (d3da — cda — c;a®)

C = _812‘ (26‘28(1 + C30£2 + 128)
up = 32, v = ad? (3.25)

(iiib) Arbitrary functions. Substituting

6 6

= e v= Sy

j=0 j=o0
into equations (2.4), we observe that these equations pass the Painlevé test if

1

ds = (0 + cy00)

(33? + 3cyc0a + 2c%a® + 12¢38)  (3.26)

where

uy = 3¢, vo = ad;
Uy = —dby, v = —ady
v, = {[d%c 00 + c30? + 125)]
+ b 4bpe + ) + 3OLIV[ID(cd + c300)]
vs = {us[di(cda + cza? + 128)] + S(GH(—2dx + o)
+ bebul —4de + b)) + 3LIVOP(c:S + c300) (3.27)
The expressions for us, vs, and v are very extensive, therefore are not
presented here. The functions u,, i3, i4, v, are arbitrary, and ug is also arbitrary
if (3.26) is valid. But in this case Fy, F,, F; in (2.11) vanish, where d,, d,,

c, are given in (3.25), which implies that we have an associative algebra.
Thus, in this case the system of equations (2.4) decouples.
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4. CONCLUSION
We conclude that the system of equations

U = Uy + ciuu, + co(uv, + vu,)
C1
Vi = Ve T+ ) (uv, + vu,) + 2covv,

possesses the Painlevé property, has Bicklund transformations, and corres-
ponds to a nonassociative Jordan algebra. However, this system can be writ-
ten as

U, = U, + UU,
V, = Vi + LUV),

where U = cju + 2¢,v and V = ciu — 2¢,v. For a given solution U of the
KdV equations, V is obtained by solving the linear equation. This result is
consistent with that given in Svinolupov (1994).
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